IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The geometric approaches to the possible singularities in the inviscid fluid flows

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2008 J. Phys. A: Math. Theor. 41 365501
(http://iopscience.iop.org/1751-8121/41/36/365501)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.150
The article was downloaded on 03/06/2010 at 07:10

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/41/36
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 41 (2008) 365501 (11pp) doi:10.1088/1751-8113/41/36/365501

The geometric approaches to the possible singularities
in the inviscid fluid flows™

Dongho Chae
Department of Mathematics, Sungkyunkwan University, Suwon 440-746, Korea

E-mail: chae@skku.edu

Received 26 March 2008, in final form 11 July 2008
Published 30 July 2008
Online at stacks.iop.org/JPhysA/41/365501

Abstract

We consider the possible generation of singularities of a vector field transported
by diffeomorphisms with derivatives of uniformly bounded determinants. We
find relations between the directions of the vector field and the eigenvectors
of the derivative of the back-to-label map near the singularity. We also find
an invariant when we follow the motion of the integral curves of the vector
field. For the 3D incompressible Euler equations these results have immediate
implications about the directions of the vortex stretching and the material
stretching near the possible singularities. We also have similar applications to
other inviscid fluid equations such as the 2D quasi-geostrophic equation and
the 3D magnetohydrodynamics equations.

PACS numbers: 47.10.—g, 47.10.ad
Mathematics Subject Classification: 35Q30, 76B03, 76D05

1. Vector fields transported by diffeomorphisms

1.1. Statement of the theorems

Let D be a domain in R", and T € (0, 00]. Suppose that for all ¢+ € [0, T) the mapping
a — X(a,t) is a diffeomorphism on D. We denote by A(:, t) the inverse mapping of X (-, t),
satisfying
AX(@a,t),t)=a, X(A(x,1),t)=x Va,x e D, Ytrel0,T).
In the applications to hydrodynamics in the next section the mapping {X (-, ¢)} is defined by a
smooth velocity field v(x, #) through the system of the ordinary differential equations:
0X(a,t)
ot
* Part of this research was done while the author was visiting the University of Chicago. The work was

supported partially by the KRF Grant(MOEHRD, Basic Research Promotion Fund) and the KOSEF Grant no.
RO1-2005-000-10077-0.

=v(X(a,t),t); X(@,0)=aeDCR". (1.1
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In such a case we say the ‘particle trajectory’ map X (-, t) and its inverse, the ‘back-to-label’
map A(-, t) are generated by the fluid velocity field v(x, ¢).

Definition 1.1. We say that a parameterized vector field W(-,-) : D x [0,T) — R" is
transported by a differentiable mapping X (-, t) from D into itself for allt € [0, T) if

W(X(a,t),t) =V,X(a,t)Wy(a) (1.2)
holds for all (a,t) € D x [0, T), where we set Wy(x) = W(x, 0).

We note that (1.2) corresponds to the well-known vorticity transport formula for the
incompressible Euler equations. Actually itis well known (see e.g. [32]) that (1.2) is equivalent
to saying that the vector field W (x, ¢) satisfies the system of differential equations:

W W W =W V)
ar T - (1.3)

W(x,0) = Wo(x)

on D x [0, T), where v(x, t) is defined from X (-, t) by (1.1). In this paper we are concerned
with the study of the direction of W(x,t) and the directions of stretching/compressions
induced by a ‘generalized volume preserving’ mapping X (-, f) near possible singularities
in (1.2) (or, equivalently in (1.3)). This will be done efficiently in terms of the derivative
of its inverse mapping A(-,#) = X~ !(-,¢). The main motivation of the current study is to
understand the dynamic relation between the vortex stretching and the material stretching
when we approach possible singularities in the 3D incompressible Euler equations and other
inviscid flows.

Theorem 1.1. Let W(x,t) be a vector field on D C R" defined for t € [0, T). We set
Wo(x) = W(x, 0) with || Wyl L~py < 00. Suppose W (x, t) is transported by a diffeomorphism
{X (-, D}eo.r) on D C R", whose inverse is A(-, t). We assume that

sup |det(V, X (a, 1)) < oo. (1.4)
(a,H)eDX[0,T)

Let us set by {(%;, e;)};_, the eigenvalue and eigenvector pairs of the symmetric, positive
definite matrix

M(x,t) = (VA(x,1))*VA(x, 1)
with the order of magnitude
AMZA =2 A, >0 (1.5)

Suppose there exists a sequence (xi, ty) and (X, 1) in D x [0, T such that limy_, o (xg, t;) =
(%,1) and

lim |W (xg, t;)| = oo.
k—00

Then, necessarily

lim A (xg, f;) = 00, and lim A, (xg, &) = 0. (1.6)
k—o00 k—o0
Let m be the largest number in {1, ..., n} such that
klim A, ) >0 Vjiefl,...,m}. (1.7)
—00
We set by E(x, t) the direction field of W (x, t) defined by
Wi(x,t)
E(x,t) = ——— whenever |W(x,t)| # 0.
|W(x, 1)l
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Then,

klim ej(xg, ) - Blxx, i) =0 Vjefl, ..., m}. (1.8)
—00

Remark 1.1. Let v € R". Then, the quantity |V, X (a, )v|/|v| has the meaning of the rate of
stretching(compression) in the direction of v induced by the trajectory mapping X (-, ¢) if the
quantity is more(less) than 1. Indeed, let {y)(s)}se(—e.s) be a curve in R” such that

dyo(s)
as
We set X (yo(s),t) = y (s, t). Then,
dy (s, 1) 9y0(s)

v0(0) = a,
s=0

G = VX (), D=2, (1.9)
and
IVoX(@, 0ol [VaX((s), n9 | || ‘By(s,t) w10)
vl |45 o 1P 10O e '

which provides us with the desired interpretation. By the Rayleigh—Ritz theorem [25] and the
fact that X (-, t) is a diffeomorphism we have

Ap(x, t) = max{A;(x, 1), ..., A (x, 1)}

v M (x, t)v IVA(x, H)v|?
Sup — " = T
v#£0 |U| v#£0 |U|
lw|? 1
= Sup = .
w#0 |VaX(as l)LU|2 il’lfw#() W
Hence,
. Ve X(a, t)v] 1
inf = , 1.11
v£0 |U| V)"l(x’ t) ( )
where x = X (a, t). Similarly, for A, (x, t) = min{x;(x, ), ..., A,(x, t)}, we obtain
V.X(a,t 1
| (@, vl _ (1.12)

sup
v#£0 |U| \/)\n(x»t)

with x = X(a,t). In particular, in the case of det(V,X(a, t)) = 1 (incompressible flow),
the quantity 1/4/A;(x,#)(< 1) has the meaning of the minimum compression rate, while
1/4/2(x, 1)(> 1) has the meaning of the maximum stretching rate at (x, ¢), except the case
V.X(a,t) =1,wherea = A(x, t).

Remark 1.2. In particular (1.6) implies that the directions of the infinite stretching rate and
the zero compression rate are mutually orthogonal to each other.

Remark 1.3. Since limy_, o Aj(xy, %x) = O0forall j =m +1, ..., n by the hypothesis of the
above theorem, the conclusion (1.8) implies that as (xt, ) — (X, f) the sequence of direction
vectors {E (xg, #;)} tends to be on the linear span generated by the vectors with the directions
of infinite stretching rates.

The first part of the following theorem could be regarded as a generalization of the
well-known Helmholtz vortex theorem for the incompressible Euler equations [24].
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Theorem 1.2. Suppose W (x, t) is a vector field transported by a diffeomorphism {X (-, 1)}, t €
[0, T). Let {yo(s)}sesr be an integral curve of W (x, 0), then y (s, t) := X (yo(s), t) is also an
integral curve of W(y (s, t), t). Moreover, we have the following invariant:

w S0, t W

Wy, 0,01 _ | o(Vo(S))|. (1.13)

}am,t) ’M
as as

Remark 1.4. We will see in the proof of the above theorem that the invariant (1.13) is due to
the fact that the integral curve of a vector field has re-parametrization symmetry.

1.2. Proof of the theorems

Proof of Theorem 1.1. The vector field transport formula

W(X(a,t),t) =V, X(a,t)Wy(a)
can be written as

VA, )W(x,t) = Wy(A(x, 1)) (1.14)
in terms of A(x, t) = X' (x, t). Hence,
|[Wo(A(x, )| = W(x, )*(VA(x, 1)) VA, )W (x, 1)

= W, OFPE@, )*M(x, 1)E(x, 1)

= W0, D (MG, DTG 1)+ -+ A (6, DE2(x, 1)) (1.15)
where we set

E(x, 1) = 0, D)E(x, 1), O*MO = diag(ri, ..., M)

Namely, the n x n orthogonal matrix O (x,t) diagonalizes the positive definite, symmetric
matrix M. By the hypothesis (1.4),

A = inf i, ) ..., (x, )]
(x.0)eDx[0,T)

= inf detM = inf det(VA(x,1))?
(x,t)eDx[0,T) (x,t)eDx[0,T)
1
- > > 0. (1.16)
SUP( e pxio.r) det(VaX (@ )|,y
By definition
B2, )4+ B2 ) =0, DEM, D) = [E@, D> = 1. (1.17)
Hence, from (1.15) and the inequality =% > (q; .. .a,)» foray, ..., a, > 0, we obtain
that
”WO”%W ~2 ~2
——=— 2> A (X, )BT, )+ -+ A (x, D) E; (x, ¢
WP 1(x, HE(x, 1) (x,)E, (x,1)

~ ~ 1
>n (M DET(, 1) . A (x, D ER(x, 1))

=0 O 1) ) (B2 B )

>nAn |E (0. Eux ) (1.18)

Let {(x¢, t;)} be a sequence such that (x;, #;) — (¥, f) as k — 00, and

lim |W (xg, t)| = oo.
k—o00
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Then, the first inequality of (1.18) implies that

lim A (e, ) 3 (o, 1) = 0 Vi=1,...,n. (1.19)
k— o0
From (1.17) we find that there exists jy € {1, ..., n} such that

lim inf |, (xx, )| > (1.20)
k—o00

o

Hence, from (1.5) we have
Iim A, (xg, ) < lim )»jo(xk, t) =0, (1.21)
k—o00 k—o00
which, in turn, implies by (1.16) and (1.8) that
lim Aq(xg, 1) = oo. (1.22)
k— 00
Thus we find there exists m € {1, ..., n — 1} satisfying (1.7). Now (1.19) and (1.7) imply that
lim (v, 1) = lim [0 (x, %) E (x, t)]; = lim e;(xx, t) - E(xg, tx) =0
k—o00 k—00 k— 00

forall j € {1,...,m}. O

Proof of Theorem 1.2. Taking derivative of y (s, ) = X (yo(s), t) with respectto s € I, we

have
oy (s,t ad
WED g xs), n08). (1.23)
as as
Since W (x, t) is transported by {X (-, ¢)}, we have, along the curve t > y (s, 1),
Wy (s, 1), 1) = Vo X (o(s), ) Wo(yo(s)). (1.24)

By hypothesis, since y,(s) is an integral curve of Wy(yy(s)), there exists f(s) # O for all
s € I such that

0
Vg—s(s) = F&Wo(r()), (1.25)
and from (1.23) we have
ay(s,t)
5 = SOV X (o(s), DWo(yo(s)) = f()W(y(s, 1), 1), (1.26)

which shows that s — y (s, #) is an integral curve of W(y (s, ), t) for each ¢t € [0, T'). From
(1.25) and (1.26) we obtain

1 _ [W(y(s,1),1) _ [Wo(yo(s)|
| f(s)] |22 (s, 1) |20 (s)|

(1.27)
O

2. Applications to inviscid hydrodynamics

We discuss the implications of the previous general theorems on some of the ideal fluid
mechanics equations.
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2.1. The surface quasi-geostrophic equation

In this subsection we are concerned with the the following 2D quasi-geostrophic equation in
R?:

a0

—+(-V)0 =0,

ot

QO = —vi—a)yto,

0(x,0) = bo(x),
where 6 = 0(xy, x2, t) denotes the scalar temperature, v = (vq, v2), v; = v;(xX1, X2,1), j =
1,2, is the velocity of the fluid, and vi = (—0y,, 0x,). Thanks to the pioneering work by
Constantin, Majda and Tabak [14], in particular the observation of its resemblance to the
3D Euler equations, there are many studies on (QG) (see, e.g. [10, 15, 16, 18, 33, 34] and

references therein). Let {X (-, 7)} be the particle trajectory mapping generated by v(x, t).
Taking operation of V+ on the first equation of (QG) we obtain

ad

Evle + (V- V)V = (V6 - V), 2.1
from which we have the transport formula for v4io(x, 1),

V40X (a,1),t) = VyX(a, 1)V 0y(a). (2.2)
As in the previous section we set the back-to-label map, A(-, 1) = X —1(., 1) below.

The following theorem is immediate from (2.2) and theorem 1.1, and the fact that det
(V,X(a,t)) = 1, which is equivalent to the incompressibility condition, div v = 0.

Theorem 2.1. Let (v(x, 1), 0(x,t)) be a smooth solution of (QG) with initial data satisfying
V6|l L= < oo, which generates the particle trajectory map {X (-, t)} and the back-to-label
map A(-,t). We set the direction vector field £E(x,t) = lgig%, and let {e;(x, 1), ex(x, 1)}
and {A1(x, 1), Ay(x, t)} be the normalized eigenvectors and the corresponding eigenvalues of

the matrix

M(x,t) = (VA(x, 1) VA(x,1).
We keep the order of magnitude such that

A(x, 1) > A(x, 1) >0 V(x,1).

Suppose there exists a sequence {(xy,t)} tending to (x,f) as k — oo such that
limy_, o | VO (xy, ;)| = 00, then necessarily

lim Aq(xg, ) = 00, im Ao (xg, ) = 0, 2.3)
k—o00 k—o00

and
lim |& (g, ) — ea(xg, )| = 0. 2.4
k—o00

We just note that (2.4) follows from
lim & (xg, 1) - €1 (xXx, i) =0 (2.5)
k— 00

together with (§ - e1)? + (£ - e2)®> = |€|> = 1. On the other hand hand, (2.4) implies that the
direction field tends to align with the direction of the infinite stretching rate near the possible
singularity, while (2.5) shows that the direction of zero compression rate is orthogonal to it.

Since any smooth level curve of 6 is an integral curve of V+6;, applying theorem 1.2 to
(QG), we obtain the following theorem.

6
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Theorem 2.2. Let (O(x,t).v(x,t)) be a smooth solution of (QG), and {X(-,t)} the
particle trajectory generated by v(x,t). Let {yo(s)}ser be a level curve of 6y. We set
y(s,t) = X(yo(s),1), then y(s,t) is also a level curve of 6(x,t). Moreover, we have the
following invariants along the trajectories of level curves of 0 (x, t):

VS0 (y (s, 1), D] [V 6o (yo(s))]

}8}’(“) o |M
as as

(2.6)

Corollary 2.1. Suppose there exist a sequence {(si, )} and (5, t) such that (si, ty) — (5,71),
and

klim V0 (y (se, 1), )| = o0, 2.7
—00
then necessarily

= 00. (2.8)

d
lim ‘—y(sk, 79
as

k— 00

Namely, the blow-up of V18| at a point is accompanied by an infinite stretching of level
curves at the same point in the tangential direction to the curve.
2.2. The Euler equations for isentropic flows

We are concerned here with the following Euler equations for the isentropic fluid flows in
R n=23,

pa—v +p(-V)v=-Vp,
ot
(E)) 2 | diviow) = 0.
ot
v(x,0) =vo(x), p(x,0) = po(x),
where v = (v, ..., v,),v; =v;(x,1), j =1,...,n, is the velocity of the flow, p = p(x, )

is the mass density of the fluid, p = p(x, ¢) is the scalar pressure, and vy, po are the given
initial velocity and density. The homogeneous incompressible Euler equations corresponds to
p(x,t) = const., for which we denote by (E)y. The problems of finite time blow-up/global
regularity for the systems (£) and (E), are both outstanding open problems in the mathematical
fluid mechanics. For (E), there are results on the blow-up criterion initiated by Beale, Kato
and Majda [2], and refined by authors in [4, 10, 12, 28, 29, 31]). The study of the Euler
system in terms of the volume preserving maps was previously done by many authors(see
e.g. [1, 3]). The geometric-type approaches emphasizing the role of the direction of vorticity
for the regularity/singularity of solutions are studied in [13, 19, 20, 23, 6], the spectral
dynamics-type approaches are studied in [30, 5], and some of the plausible scenarios leading
to singularities are excluded in [7, 8, 17, 18]. Let {X(-,¢)} be the particle trajectory
mapping generated by v(x, t), defined by a smooth solution of the solutions of (E), and
A(x,t) = X' (x, 1) be the back-to-label map. Let w(x, t) = curl v(x, t) be the vorticity. The
following vorticity transport formula is well known (see e.g. [9]) for (E):

X(a,t),t
OX@ 0.0 g en@) 2.9)
p(X(a,1),1) po(a)
Applying theorem 1.1 to the case of (E)q, for which we have
w(X(a,1),1) = Vo X(a, )wy(a), (2.10)

as well as det (V,X (a, t)) = 1, we obtain the following theorem.
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Theorem 2.3. Let w(x,t) be the vorticity of a smooth solution v(x,t) of (E)o in R with
initial vorticity satisfying ||woll~ < oo. The particle trajectory map {X(-,t)} and the
particle trajectory map A(-,t) are generated by v(x,t). We set the vorticity direction field
E(x,t) = ‘Zggl Let {(A;(x,1), e;(x, t))}j:1 be the pairs of the eigenvalues and normalized
eigenvectors of the matrix

Mx,1) = (VA(x, 1) VA(x, 1),
where we keep the ordering for the corresponding eigenvalues

MG, 1) = Aa(x, 1) = hs(x, 1) > 0. @2.11)

Suppose there exists a sequence {(xy,t)} tending to (x,f) as k — oo such that
limy_, o |@ (X%, t;)| = 00, then necessarily

lim Aq(xg, f;) = 00 and lim Az(xg, 1) =0, (2.12)
k— 00 k— 00

and
lim & (xg, 1) - e1(xg, ) = 0. (2.13)
k—o00

Furthermore, if
lim inf Ap(xg, ) > O, (2.14)

k— 00

then
klim &, 1) - ea(xp, 1) = 0. (2.15)
—00

Remark 2.1. In the case when (2.13) and (2.15) happen, we note that
lim &(xg, 1) - e3(xg, 1) = 1, (2.16)
k—o00

which is equivalent to
klglolo 1€ Oxx, tx) — e3(xx, )] = 0. (2.17)

Namely, as (x, #;) tends to (X, 7), the sequence of vorticity direction vectors {& (x, #;)} tends to
align with the eigenvector of M (xi, #;) with the smallest eigenvalue, which is in the direction
of maximum stretching rate. Taking into account formula (2.9), we obtain the following
theorem immediately from theorem 1.2.

Theorem 2.4. Let (v(x, 1), p(x,1)) be a smooth solution of (E) and {X (-, t)} be the particle
trajectory generated by v(x, t). Let yy(s) be a vortex line for the initial vorticity w,. We set
y(s,t) = X(y(s), t), which is also a vortex line by the Helmholtz theorem. Then, we have
the following invariants along the trajectories of the vortex lines:

lw(y (s, 1),1)] _ lwo (yo(s))| (2.18)

10y (5, 0, DI ZEL| | gy (o ()| 222 |

Corollary 2.2. Let w = curlv and y (s, t) as in theorem 2.4 and ||wy/poll~ < 00. Suppose
there exist a sequence {(sy, ty)} and (3, t) such that (s, ty) — (5,1), and

|a)()/(Sk, tk)7 tk)' _

im ——————— =00, (2.19)
k=00 [p(y (Sk, 1), 1)
then necessarily
d
lim ’—y(sk,tk) = 0. (2.20)
k—oo | 08
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Namely, a singularity of |w|/|p| at a point is accompanied by infinite stretching of the vortex
line at the same point.

Remark 2.2. In the case of (E) thin vortex tube (vortex filament) stretching near the
singularity of vorticity in the 3D Euler equations is a well-known fact in the elementary fluid
mechanics (see e.g.[9]), which is immediate from Kelvin’s circulation theorem. The above
corollary, in contrast, is about stretching of individual vortex lines, not the tubes.

2.3. The magnetohydrodynamic equations

We are concerned here with the ideal MHD system in R?,
av

” +(v-V)v=—-Vp—>b xcurlb,

ab
(MHD) § 5.+ (v-V)b= (- V),
divv=divb =0,

v(x,0) =vo(x), b(x,0) =by(x),

where v = (v, v2, v3), v; = v;(x, 1), j = 1,2, 3, is the velocity of the flow, p = p(x, 1) is
the scalar pressure, b = (b, b, b3), b; = b;(x, 1), is the magnetic field, and vg, by are the
given initial velocity and magnetic field, satisfying div vy = divby = 0. Below, {X (a, ?)} is
the particle trajectory mapping generated by v(x, t), defined by a smooth solution of (MHD),

and A(x, 1) = X~ '(x, 1) is the back-to-label map. As for the vorticity transport formula the
second equation of (MHD) implies that we have

b(X(a,t),t) = V,X(a, )by(a), (2.21)

which provides us with the following theorem due to theorem 1.2.

Theorem 2.5. Let v(x,t) be a smooth solution of (MHD) with the initial data satisfying
[1boll L~ < o0, which generates the particle trajectory map {X (-, t)} and the particle trajectory
map A(-,t). We set the direction-vector field of the magnetic field E(x,t) = \ZK_:;;V and let
{(Aj(x, 1), e;(x, t))}ifz1 be the pairs of the eigenvalues and normalized eigenvectors of the
matrix

M(x, 1) = (VA1) VA(x, 1),
where we keep the ordering for the corresponding eigenvalues
Ai(x, 1) = Aa(x, 1) = A3(x, 1) > 0. (2.22)

Suppose there exists a sequence {(xi,t;)} tending to (x,f) as k — oo such that
limy, » |b(xk, t)| = 00, then necessarily

klggo A (xg, 1) = 00, and klirgo As(xg, ) =0, (2.23)
and

Jm & Cxe, 1) - e (e, 1) = 0. (2.24)
Furthermore, if

limkiilgo Aa(xg, 1) > 0, (2.25)
then

klifgoﬁ(xk, ) - ea(xy, i) = 0. (2.26)

9
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Remark 2.3. We have a similar remark to remark 2.1, and have
klglolo & Cxxs x) — e3(x, )] = 0, (2.27)

in case (2.25) holds. Namely, as (xx, ) tends to (¥, f), the sequence of magnetic direction
vectors {& (xy, 1)} tends to align with the eigenvector of M (xy, ;) with the smallest eigenvalue,
which is in the direction of maximum stretching rate.

Theorem 2.6. Let (v(x,t), b(x,t)) be a smooth solution of (MHD), and {X (-, t)} the particle
trajectory generated by v(x,t). Let yy(s) be an integral curve for the initial magnetic field
bo(yo(s)). We set y(s,t) = X (yo(s), t), which is also an integral curve of the magnetic field
b(x,t). Then, we have the following invariants:

1b(y (s, D), DI _ 1bo(yo(s))]

|3V(S,t) - |M
as as

(2.28)

Corollary 2.3. Let b, y (s, t) be as in theorem 2.6 and ||\by|| .~ < 00. Suppose there exist a
sequence {(sy, tr)} and (3, T) such that (sg, ty) — (5,1), and

lim [b(y (sk, 1), t)| = o0, (2.29)
k—00
then necessarily

= 0. (2.30)

0
lim ‘—y@k, )
as

k—o00

Namely, a singularity of the magnetic field of (MHD) is accompanied by an infinite stretching
of magnetic field lines in the direction of magnetic field.
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